Abstract. Let A be a Koszul Artin-Schelter regular algebra with Nakayama automorphism ξ. We show that the Yoneda Ext-algebra of the skew polynomial algebra A[z; ξ] is a trivial extension of a Frobenius algebra. Then we prove that A[z; ξ] is Calabi-Yau; and hence each Koszul Artin Schelter regular algebra is a subalgebra of a Koszul Calabi-Yau algebra. A superpotential w is also constructed so that the Calabi-Yau algebra A[z; ξ] is isomorphic to the derivation quotient of w. The Calabi-Yau property of a skew polynomial algebra with coefficients in a PBW-deformation of a Koszul Artin-Schelter regular algebra is also discussed.
Introduction
Let be a field of characteristic zero. Let A = ⊕ k∈Z A k be a (Z-)graded ( -)algebra, and M = ⊕ k∈Z M k be a graded left A-module. The n th shift of M is the graded A-module M (n) whose k th component is: M (n) k = M n+k . If M is a graded A-bimodule and σ, ϕ are graded automorphisms of A, then σ M ϕ is the graded A-bimodule whose left A-action is twisted by σ and right A-action is twisted by ϕ. A graded algebra A is called Calabi-Yau of dimension d, if (cf. [Gin] ):
(i) A is homologically smooth; that is, A has a bounded resolution of finitely generated graded projective A-bimodules;
(ii) Ext should be regarded in T (V ). Given such an AS-regular algebra, Berger and Pichereau constructed a graded algebra B(f ) which is generated by V ⊕ z, and whose generating relations are cyclic partial derivations of w = f z. They proved that B(f ) is a Calabi-Yau algebra of dimension 3, and gave the classification, up to isomorphisms, of the obtained Calabi-Yau algebras. They also showed that B(f ) is isomorphic to the skew polynomial algebra A[z; ξ] for some automorphism ξ of A. We find that ξ is exactly the Nakayama automorphism of A, and the Calabi-Yau property of A[z; ξ] holds for general Koszul AS-regular algebra A by inspecting the Yoneda-Ext algebra of A[z; ξ]. The main results of this paper are the following (cf. Theorem 3.3).
Theorem 0.1. Let A be a Koszul AS-regular algebra of global dimension d, and ξ the Nakayama automorphism of A. Then the skew polynomial algebra B = A[z; ξ] is a Calabi-Yau algebra of dimension d + 1.
Since an AS-regular algebra of global dimension 2 is always Koszul, our main results provide a new proof of [BP, Theorem 2 .10] and our proof is totally different from that in [BP] .
It was shown in [DV] and [BSW] that a Koszul AS-regular algebra A is determined by a twisted superpotential w. We show that the twisted superpotential w can be symmetrized into a superpotential w by introducing a new indeterminate, so that the skew polynomial algebra A[z; ξ] is isomorphic to the derivation quotient algebra obtained from the superpotential w (see Theorem 4.4).
Let A be a Koszul AS-regular algebra, and ξ the Nakayama automorphism of A. A PBWdeformation of A is a filtered algebra U such that its associated graded algebra is isomorphic to A. For a PBW-deformation U of A, U has a filtration-preserving automorphism ζ such that gr(ζ) = ξ, still called a Nakayama automorphism (in this case, ζ is not unique, see more details in Section 5). It is natural to ask whether U [z; ζ] is a Calabi-Yau algebra. Recall that a nongraded algebra U is Calabi-Yau of dimension d if (i) U is homologically smooth; (ii) Ext Since a Nakayama automorphism ζ respects the filtration of U , we see that U [z; ζ] is in fact a PBW-deformation of A[z; ξ], which is a Koszul algebra. Then we can use the techniques developed in [PP, Po] for PBW-deformations of Koszul algebras to discuss the Calabi-Yau property of U [z; ζ]. Now let A be a Koszul Calabi-Yau algebra, and U be a PBW-deformation of A. We may choose a specific Nakayama automorphism ζ of U (see Proposition 5.5) so that we have (cf. Theorem 5.8):
Theorem 0.2. U [z; ζ] is Calabi-Yau.
In the theorem above, if A is only an AS-regular algebra, then the result may fail. Counterexamples may be found in the case where A is AS-regular of global dimension 2. At the end of the paper, we provide a necessary and sufficient condition for U [z; ζ] to be Calabi-Yau with U a PBW-deformation of an AS-regular algebra of global dimension 2 (cf. Theorem 5.10).
Trivial extensions
Let E = ⊕ E 1 ⊕ E 2 ⊕ · · · be a connected graded algebra, and M a graded E-bimodule. Recall that the trivial extension of E by M is the graded algebra Γ(E, M ) = E ⊕ M with the product
We focus on trivial extensions of finite dimensional algebras. Let E be a finite dimensional connected graded algebra. We say that E is of length d if E d = 0 and E i = 0 for all i > d. Let E be a connected finite dimensional algebra of length d, and σ a graded automorphism of E. Let E * be the dual vector space of E. Then E * is a graded E-bimodule with the induced E-action. Let E * σ be the graded E-bimodule obtained from E * with the right E-action twisted by σ. Given an integer n > d, consider the trivial extension of E by the bimodule E * σ (−n): Γ(E, E * σ (−n)) = E ⊕ E * σ (−n). For simplicity, we write Γ(E, σ, n) for Γ(E, E * σ (−n)). Now the product of Γ(E, σ, n) is defined by:
For later discussions, we introduce first some terminology. A connected graded algebra E of length d is called a graded Frobenius algebra if there is an isomorphism of graded left A-modules Θ : E ∼ = E * (−d), or equivalently, there is a nondegenerated graded bilinear form , : E × E → (−d) such that x, yz = xy, z for all x, y, z ∈ E. If E is graded Frobenius, then there is a unique graded automorphism ϕ of E such that Θ :
The isomorphism ϕ is called the Nakayama automorphism of E. For the bilinear form, we have x, y = y, ϕ(x) . A graded Frobenius algebra E of length d is said to be graded symmetric, if
Proposition 1.1. Let E be a connected graded algebra of length d, and σ a graded automorphism of E. Then the trivial extension Γ(E, σ, n) (n > d) is a graded Frobenius algebra of length n, and the Nakayama automorphism ϕ of
Proof. Define a bilinear form ,
Obviously, the bilinear form , is nondegenerated. Hence Γ(E) is a Frobenius algebra. Moreover, (
Remark 1.2. In Proposition 1.1, if we choose σ = ǫ n−1 , then the Nakayama automorphism ϕ is given as follows:
Hence ϕ = ǫ n−1 . Therefore, Γ(E, ǫ n−1 , n) is a graded symmetric algebra.
Recall that a (cochain) differential graded algebra (dga, for short) (E, δ E ) is a graded algebra E = ⊕ n∈Z E n together with a derivation δ E of degree 1 such that δ
|x| xδ M (m) for all homogeneous elements x ∈ E and m ∈ M , where |x| denotes the degree of x. Similarly, one has right differential graded modules and differential graded bimodules.
A curved differential graded algebra (cdga, for short) (cf. [PP, Po] ) is a triple (E, δ E , θ E ), where E is a graded algebra, δ E is a derivation of degree 1 and θ E is a special element in E 2 , such that δ E (θ E ) = 0 and δ 2 E (x) = θ E x − xθ E for all homogeneous elements x ∈ E. The element θ E is usually
is a graded algebra morphism such that f (θ E ) = θ E ′ and f δ E = δ E ′ f (warning: our definition of cdga morphism given here is more restricted than that in [PP] ). A cdg E-bimodule is a graded E-bimodule M endowed with a differential δ M which is compatible with the differential δ E of E and satisfies the condition δ 2 M (m) = θ E m − mθ E . Note that if the curvature element is zero, then a cdga is just a usual dga, and a cdg bimodule is a usual dg bimodule.
Let (E, δ E , θ E ) be a cdga, and let M be a cdg E-bimodule. The trivial extension of E by M is the cdga (Γ cdg (E, M ), δ Γ cdg , θ Γ cdg ) defined as follows: as a graded algebra Γ cdg (E, M ) is just the trivial extension Γ(E ♯ , M ♯ ), where E ♯ is the underlying graded algebra by forgetting the derivation δ E of E, and M ♯ is the underlying graded bimodule of M ; the derivation δ Γ cdg is defined by
for all x ∈ E and m ∈ M ; and the curvature element θ Γ cdg = (θ E , 0).
Let M (n) be the n th shift of the graded E-bimodule M . Note that the differential δ M(n) and the E-actions of M (n) should be changed slightly so that M (n) is also a cdg E-bimodule: For a homogeneous element m ∈ M , we denote by m(n) the corresponding element in M (n). Then
n be the graded dual of M . Then M ∨ is a cdg E-bimodule with the differential δ M ∨ and E-actions defined as follows: for homogeneous elements f ∈ M ∨ , m ∈ M and x ∈ E, we have
We remark that the graded algebra Γ cdg (E,
) of the graded algebra E ♯ . However, we have the following result. Lemma 1.3. As a graded algebra, we have
Proof. As before, we denote by x·f and f ·x for x ∈ E and f ∈ E * the E ♯ -actions on the graded dual (E * ) ♯ . Note that in the definition (2) of the E-actions on E * , f (x · m) is zero unless |x| + |m| = −|f |.
It suffices to verify the multiplication of the cdga Γ cdg (E, E * (−d−1)) is equal to the multiplication
). Indeed, for homogeneous elements x, y ∈ E and f, g ∈ E * , we have
Now it is easy to see that the last item in the identities above is exactly the multiplication of elements (x, f (d + 1)) and (y,
Yoneda algebras
In this section, we will compute the Yoneda products of a skew polynomial algebra with coefficients in a Koszul algebra. We first recall the definition of a Koszul algebra. Let V be a finite dimensional vector space. A quadratic algebra A is a connected graded algebra of form A = T (V )/(R), where R ⊆ V ⊗ V and (R) is the two-sided ideal of T (V ) generated by R. The quadratic dual A ! of a quadratic algebra A is defined to be
Since A is quadratic, we see that f defines an automorphism φ ! of the quadratic dual algebra A ! .
We call φ ! the automorphism of
A quadratic algebra A is called a Koszul algebra [Pr] if the trivial graded module A admits a graded projective resolution:
such that the graded module P −n is generated in degree n for all n ≥ 0. Recall that if A is Koszul,
is Koszul [Sm] . We refer to [Pr] and [Sm] for further properties of Koszul algebras.
Let A = T (V )/(R) be a Koszul algebra, and let C 0 = ,
Consider the graded minimal projective resolution of the trivial module A :
where the differential is given on pure tensors by:
for all a ∈ A and x 1 , . . . , x n ∈ V .
Let σ be a graded automorphism of A. Since A is Koszul, σ induces an automorphism (also denoted by σ) of C in the obvious way. Let σ ∨ be the automorphism of graded algebra
be the algebra of skew polynomials with coefficients in A. We assume that z is of degree 1. Then it is well known that B is also a Koszul algebra (cf. [ST] , for example). The elements of B are of the sums of the elements of the form az i with i ≥ 0 and a ∈ A, moreover za = σ(a)z. We want to construct a minimal projective resolution of the trivial module B . The following construction is standard (cf. [GS] or [Ph] ).
Clearly, B is free both as a left A-module or as a right A-module. Applying the exact functor B ⊗ A − to the projective resolution (3) of , we obtain the following complex:
The complex is exact except at the final position. The cohomology at the final position is B/BA + . By abusing the notation, we also denote the differential of the complex (4) by ∂.
For each n ≥ 1, we define a homomorphism of left B-modules
for all x 1 , . . . , x n ∈ V . In addition, define a left B-module homomorphism f 0 : B → B by f 0 (1) = z. It is easy to check that these f −n are compatible with the differential of the complex (4). Hence f = n≥0 f −n is a morphism of complexes. The mapping cone of f reads as follows:
where the differential is given by:
for n ≥ 2, and δ
A straightforward verification shows that the complex (5) is exact except at the final position, and the cohomology at the final position is . Hence we have the following lemma.
Lemma 2.1. The complex (5) is a minimal projective resolution of the trivial module B .
Next we compute the Yoneda product of E(B). Note that Hom
where the graded B-module homomorphisms g k 's are defined as follows: for k ≥ 1,
and:
A direct verification shows that the above diagram is commutative.
Since the projective resolution (5) is minimal, we have Ext
Proposition 2.2. Let A be a Koszul algebra, σ a graded automorphism of A, and
Proof. Note that A ! ∼ = C ∨ as graded algebras. The lemma is a direct consequence of the equation (6).
Skew polynomial algebras with coefficients in Koszul Artin-Schelter regular algebras
In this section, A is a Koszul Artin-Schelter regular algebra of global dimension d. The ArtinSchelter regularity of A implies that E(A) ∼ = A ! is a Frobenius algebra of length d [Sm] . Let ϕ be the Nakayama automorphism of the Frobenius algebra A ! .
The following result was originally proved by Van den Bergh in [VdB] in the Noetherian case. The result for general Koszul algebras was proved by Berger and Marconnet in [BM, Proof of Theorem 6.3] .
Lemma 3.1. Let A = T (V )/(R) be a Koszul AS-regular algebra of global dimension d. Let ϕ be the Nakayama automorphism of A ! , and φ := ϕ ! the automorphism of A dual to ϕ. Then
The automorphism ξ in the lemma is called the Nakayama automorphism of A.
The above lemma implies the following result (also see [HVZ1] ).
Lemma 3.2. Let A be a Koszul algebra. Then A is Calabi-Yau if and only if E(A) is a graded symmetric algebra.
Now we may prove the main result of this section. Proof. Keep the notions as in Lemma 3.1. By Proposition 2.2, we have
Since A ! is graded Frobenius with Nakayama automorphism ϕ, we have an isomorphism
By Remark 1.2, E(B) is a graded symmetric algebra. Lemma 3.2 implies that B is a Calabi-Yau algebra since B is a Koszul algebra.
Let V be a vector space of dimension n. Fix a basis {x 1 , . . . , x n } of V , and x * 1 , . . . , x * n the dual basis of V * . Given an invertible n × n matrix M , let f = (x 1 , . . . , x n )M (x 1 , . . . , x n ) t , where the matrix multiplications are in the tensor algebra T (V ). The quadratic algebra A has the following properties [DV, Z] :
(i) A is a Koszul AS-regular algebra of global dimension 2; (ii) A is a domain; (iii) the quadratic dual A ! is defined by the matrix M in the following way: there is a basis ̟ of
where a = (a 1 , . . . , a n ) ∈ n and b = (b 1 , . . . , b n ) ∈ n (cf. [HVZ2] );
(iv) the Nakayama automorphism of A ! is defined in the way: ϕ(̟) = ̟ and
(v) the Nakayama automorphism ξ of A is defined in the following way:
Let us check the generating relations of the skew polynomial algebra B = A[z; ξ]. Since B is generated by x 1 , . . . , x n , z and is quadratic, B is defined by the relations f = 0,
If we put zx 1 , . . . , zx n into a column, we obtain
Then we see that the skew algebra B above is isomorphic to the algebra B(f ) constructed in [BP] , which is the algebra generated by x 1 , . . . , x n , z with relations f = 0 and equations in (8). As a corollary, we recover [BP, Theorem 2.10].
Theorem 3.5. [BP] The graded algebra B(f ) is a Calabi-Yau algebra of dimension 3. Let A be a Koszul AS-regular algebra of global dimension 2. By [DV, Z] , there is a finite dimension vector space V with a fixed basis {x 1 , . . . , x n } and an invertible n × n matrix M such that A ∼ = T (V )/(f ) where f = (x 1 , . . . , x n )M (x 1 , . . . , x n ) t . We already know that the Nakayama automorphism of A is defined by ξ(x 1 , . . . , x n ) = −(x 1 , . . . , x n )M t M −1 , and the Berger-Pichereau's alge-
. Let M ′ be another invertible n×n matrix, and However, we do not know whether there is a similar result for general Koszul AS-regular algebras.
Superpotentials
Let V be a finite dimensional vector space. For the discussions in this section, we need additional notation. Let τ : V ⊗ V −→ V ⊗ V be the usual twisting map. For d ≥ 2, we set a sequence of maps:
Let σ : V → V be a linear bijective map. Recall that an element w ∈ V ⊗d is called a twisted superpotential of degree d with respect to σ if
If σ is the identity map, then w is called a superpotential.
Let ψ : V → be a linear map, and let u ∈ V ⊗d . Following [BSW] , we write:
One may check that an element w ∈ V ⊗d is a twisted superpotential with respect to σ if and
For Ψ ∈ V * ⊗k , define the partial derivation of a twisted superpotential w to be
Then ∂ Ψ (w) ∈ V ⊗d−k . The derivation quotient algebra A(w, k) of w is defined as follows [BSW] :
Since in this paper we only discuss the quadratic derivation quotient algebra, we simply write A(w) for A(w, d − 2) for a twisted superpotential w of degree d.
We now show that any twisted superpotential can be symmetrized into a superpotential by introducing an additional indeterminate. From the equation (9), we have the following facts. (ii) Let w ∈ V ⊗d be a twisted superpotential with respect to a bijection σ of V . Then we have w = σ ⊗d (w).
Proof. (i) is trivial. For the statement (ii), we have
Proposition 4.2. Assume that w ∈ V ⊗d is a twisted superpotential with respect to a bijection σ of V . We construct an element w := w(w, σ) ∈ (V ⊕ z) ⊗d+1 as follows:
Then w is a superpotential of degree d + 1.
Proof. We need to show the identity:
. This follows from the following computations:
Let A = T (V )/(R) be a Koszul AS-regular algebra of global dimension d. It is established in [BSW] and [DV] that A is defined by a twisted superpotential; that is, A ∼ = A(w) for some twisted superpotential w of degree d with respect to a suitable bijection σ : V → V . We give a "visualized" description of the bijection σ and the twisted superpotential w.
Assume dim V = n and fix a basis {x 1 , . . . , x n } of V . We use the definitions and notations as in Section 2. Since A is of global dimension d, we have dim C −d = 1 and dim C −d+1 = n.
Choose a nonzero element
We fix a basis of C −d+1 , say, {θ 1 , . . . , θ n }. Since w ∈ V ⊗ C −d+1 , we may write w as w = (x 1 , . . . , x n )M (θ 1 , . . . , θ n ) t for some n × n matrix M with entries in . On the other hand, w ∈ C −d+1 ⊗V implies that w = (θ 1 , . . . , θ n )N (x 1 , . . . , x n ) t for some n×n matrix N . Let {x * 1 , . . . , x * n } be the dual basis of V * , and θ * 1 , . . . , θ * n be the dual basis of C * −d+1 . Since A is AS-regular,
, it is easy to see that the Yoneda product is given by:
and
Now the Frobenius property of A ! implies that both M and N are invertible matrices. Let ϕ be the Nakayama automorphism of A ! . Then from the Yoneda product above, we see that
Let φ := ϕ ! be the automorphism of A dual to ϕ. Then the Nakayama automorphism of A is ξ = ǫ d+1 φ −1 , which acts on A 1 = V as follows:
We rewrite the element w in terms of the Nakayama automorphism ξ as follows:
That is, w = (−1)
Summarizing the above arguments, we obtain the following lemma.
Lemma 4.3. Let A = T (V )/(R) be a Koszul AS-regular algebra of dimension d with ξ the Nakayama automorphism. Then w is a twisted superpotential with respect to ξ| V .
Theorem 4.4. Let A = T (V )/(R) be a Koszul AS-regular algebra of global dimension d ≥ 2 with ξ the Nakayama automorphism. Then
, where w is a nonzero element in
(ii) A[z; ξ] ∼ = A( w), where the superpotential w = w(w, ξ) is formed in Proposition 4.2.
Proof. The statement (i) is essentially proved in [DV] and [BSW] . We include here our own proof. 
By the Frobenius property of A ! , we have that L is invertible. Then from the expression of w as in (10), we see that
(ii) Since w is a twisted superpotential with respect to ξ, w is a superpotential of degree
n } is a basis of U * . Let us check the following facts:
at least one of i 1 , . . . , i d−1 is zero}.
For Ψ ∈ (V * ) ⊗d−1 , we have
Recall that
So, if we write
Since M is invertible, we obtain that y 1 , . . . , y n are linear independent in V ⊗d−1 . Now we have
Thus (a) follows.
For the identity (b), we choose Ψ = x * i1 ⊗· · ·⊗x
On the other hand, as we have seen that we may write w in the form (10). Again since L is invertible, we have
As A is Koszul and ξ is the Nakayama automorphism of A, we have span{(ξ ⊗ ξ)(r i )|i = 1, . . . , m} = R. Since we obviously have
at least one of i 1 , . . . , i d−1 is zero}, (b) follows.
Finally, since R + span{z ⊗ x i − ξ(x i ) ⊗ z|i = 1, . . . , n} is exactly the generating relations of A[z; ξ], we have A[z; ξ] ∼ = A( w).
PBW-deformations
Let A = A 0 ⊕ A 1 ⊕ · · · be a positively graded algebra. Recall that a PBW-deformation of A is a filtered algebra U with an ascending filtration 0 ⊆ F 0 U ⊆ F 1 U ⊆ F 2 U ⊆ · · · such that the associated graded algebra gr(U ) is isomorphic to A. If A = T (V )/(R) is a Koszul algebra, then a PBW-deformation U of A is determined by two linear maps ν : R → V and θ : R → in the sense that U ∼ = T (V )/(r − ν(r) − θ(r) : r ∈ R) [BG, PP] . If θ = 0, then we call U an augmented PBW-deformation of A. The dual map ν * of the linear map ν : R → V induces a derivation δ A ! on the dual algebra A ! of A. If we view the linear map θ :
is a cdga. We call (A ! , δ A ! , θ) the dual cdga of U . Conversely, if there is a curved differential graded
Now let A be a Koszul AS-regular algebra of global dimension d, and let U be a PBW-deformation of A. Assume that ξ is the Nakayama automorphism of A. The following lemma was proved by Yekutieli [Y] when A is Noetherian. For the general case, see [HVZ2] .
where ζ is a filtration-preserving automorphism of U such that gr(ζ) = ξ.
The automorphism ζ in Lemma 5.1 is not unique. If ζ ′ is another automorphism of U such that the conditions in the lemma hold, then ζ ′ differs from ζ by an inner automorphism, that is, there is a unit u ∈ U such that for all a ∈ U , ζ ′ (a) = uζ(a)u −1 . Hence ζ is unique up to inner automorphisms. We call an automorphism ζ satisfying the conditions in Lemma 5.1 a Nakayama automorphism of U . Note that if A is a domain, then there is a unique automorphism satisfies the condition in Lemma 5.1. Hence in this case, we may say "the" Nakayama automorphism of U .
Next we discuss the Calabi-Yau property of the skew polynomial algebra U [z; ζ] with ζ a Nakayama automorphism of U .
The skew polynomial algebra U [z; ζ] is also a filtered algebra with filtration:
Hence we obtain:
The following result was proved in [HVZ2] .
Lemma 5.3. Let B be a Koszul Calabi-Yau algebra of dimension d, and let U = T (V )/(r − ν(r) − θ(r) : r ∈ R) be a PBW-deformation of B, and let (B ! , δ B ! , θ) be the cdga dual to U . If
Conversely, if B is a domain and U is Calabi-Yau, then δ B ! (B 
where the vertical maps are multiplications of D and D ′ respectively, then the linear map f defines an isomorphism Φ : D → D ′ in the following way: for any
Let us write down B 
. . , r * n } be the dual basis of R and z * be the element in V * such that z * (z) = 1 and z * (V ) = 0.
We have
Assume that the automorphism ξ of A acts on A 1 = V as:
where P = (p ij ) is an invertible n × n matrix. Assume further P −1 = (l ij ). Then it is not hard to see that the product of two elements in B ! 1 is given as follows: for
Recall that the graded algebra As before, let ϕ be the Nakayama automorphism of A ! , and let φ = ϕ ! be the automorphism of
Let ̟ ∈ A 
). Combining this isomorphism with the inverse of Φ constructed in previous paragraph, we get an isomorphism of graded algebras:
Now we have Ψ(α) = (α, 0) for all α ∈ A ! , and
for all i = 1, . . . , n.
Since U [z; ζ] is a PBW-deformation of B = A[z; ξ], to study the curved differential structure of B ! , we need to pick a specific Nakayama automorphism ζ. The following result was proved in [HVZ2] .
Proposition 5.5. Let A = T (V )/(R) be a Koszul AS-Gorenstein algebra of global dimension d, and let A ! be its dual algebra. Assume that {x 1 , . . . , x n } is a basis of V , and {x * 1 , . . . , x * n } is the dual basis of V * .
Let U = T (V )/(r − ν(r) − θ(r) : r ∈ R) be a PBW-deformation of A, and let (A ! , δ A ! , θ) be the cdga dual to U . Choose a basis ̟ of A ! d , and assume that {ω 1 , . . . , ω n } is the basis of
where the automorphism ζ acts on the generator as follows:
Convention: From now on, ζ is the Nakayama automorphism of U as defined in Proposition 5.5.
Note that in Proposition 5.5, we view V ⊕ as a subspace of U through the obvious injective map. The scalars λ 1 , . . . , λ n are independent of the choice of the basis ̟. In fact, if we choose another element ̟ ′ as a basis of
Now we can write down the linear maps that determine the PBW-deformation ν : R ⊕ R → V ⊕ z, ν(r) = ν(r) for all r ∈ R, and ν( r i ) = λ i z (i = 1, . . . , n); θ : R ⊕ R → , θ(r) = θ(r) for all r ∈ R, and θ( r i ) = 0 (i = 1, . . . , n).
Proof. The lemma is clear since zξ −1 (x i ) − λ i z = x i z by Proposition 5.5, or equivalently, zξ −1 (x i ) −
Let us check the linear dual maps of ν and θ. We have ν * : V * −→ R * , ν * | V * = ν * , and 
The cdga structure on B ! induces a cdga structure on the graded algebra Γ(
through the isomorphism Ψ as in (13) and (14). Denote by Γ :
. Then we have:
Proposition 5.7. Let A = T (V )/(R) be a Koszul AS-regular algebra of global dimension d with ξ the Nakayama automorphism, and A ! be its quadratic dual algebra with ϕ the Nakayama automorphism.
Let U be a PBW-deformation of A, and
, where ζ is the Nakayama automorphism of U as in Proposition 5.5;
(ii) U [z; ζ] is a Calabi-Yau algebra.
Proof. Keep the notions as before except we now choose the basis ̟ in Proposition 5.5 such that Θ(1)(̟) = 1. Let us check the differential δ * A ! on (A ! ) * . Recall that δ A ! (ω i ) = λ i ̟ for all i = 1, . . . , n by assumption. Thus we have
Note that ϕ = ǫ d+1 (ξ −1 ) ! , and ξ is represented as in (11). An easy computation shows that ϕ(̟) = ̟ and that:
Now by assumption of the proposition δ
Applying these morphisms to ̟ * , we obtain:
Hence we arrive at:
Comparing the equations (17) and (18) 
Since Γ is a quadratic algebra, the differential δ Γ is determined by its action on the elements of degree 1. By Lemma 1.3, the underlying graded algebra of the trivial extension Γ cdg As a special case of Proposition 5.7, we obtain the following theorem.
Theorem 5.8. Let A be a Koszul Calabi-Yau algebra of global dimension d, and let U be an arbitrary PBW-deformation of A. Assume that ζ is the Nakayama automorphism of U as in Proposition 5.5. Then U [z; ζ] is Calabi-Yau.
Proof. Since A is Calabi-Yau, then the quadratic dual A ! is graded symmetric; that is, the Nakayama automorphism of A ! is ϕ = ǫ d+1 . Then ǫ d+1 ϕ = id, which is certainly an automorphism of the dual cdga (A ! , δ A ! , θ A ! ) of the PBW-deformation U .
If U is an augmented PBW-deformation, then the ground field is a left U -module through the augmentation map. Let E(U ) := ⊕ i≥0 Ext i U ( U , U ). Note that the curvature element of the cdga (A ! , δ A ! , θ A ! ) dual to U is zero. Thus (A ! , δ A ! ) is a usual dga; that is, δ 2 A ! = 0. So, the cohomology HA ! of (A ! , δ A ! ) is a graded algebra.
Proposition 5.9. Let A be a Koszul Calabi-Yau algebra, and U an augmented PBW-deformation of A. Assume that ζ is the Nakayama automorphism of U as in Propositon 5.5. Then In Proposition 5.7, we need the condition that the composition ǫ d+1 ϕ is an automorphism of the cdga (A ! , δ A ! , θ A ! ). Certainly, there is no reason to expect that ǫ d+1 ϕ is always compatible with the
